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This is a closed book exam, no notes allowed. It consists of 8 problems, each worth 10
points. We will grade all 8 problems, and count your top 6 scores.

Problem | Maximum Score | Your Score
1 10
2 10
3 10
4 10
5 10
6 10
7 10
8 10

Total
Possible 60
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Problem 1) True or False. Decide if each of the following statements is TRUE or FALSE.
You do not need to justify your answers. Write the full word TRUE or FALSE in the
answer box of the chart. (Each correct answer receives 2 points, incorrect answers or blank
answers receive 0 points.)

Statement 1 2 3 4 5
Answer T T T T F
1) For any inner product on R?, if vectors u, v satisfy ||ul| = 1, ||v|| = 1 and [Ju — v|| = v/2,

then u is orthogonal to v.
lu—v|? = (u—v,u—v) = [[u,ul?+||v,v|*—2(u, v) s0 2 = 1+1—2(u, v) so (u, v) = 0.

2) In the vector space of continuous functions on the interval [—1, 1] with inner product

1
(reg) = [ ate) d
the functions cos(t) and sin(t) are orthogonal.

cos(t) is even and sin(t) is odd so cos(t)sin(t) is odd so its integral over [—1,0] is the
negative of its integral over [0, 1].

3) If A is symmetric and U is orthogonal, then UAU ! is symmetric.

A is symmetric so AT = A and U is orthogonal so U™t = UT, (UHT = (UT)T =U
hence (UAU Y = (U Y)TATUT = UAU.

4) If a 2 x 2 matrix A has eigenvalues Aj, Ao, then its characteristic polynomial is equal to

Xa(t) =1 = (AL + Ao)t + M

If A has an eigenvalue \q, then it is similar to an upper triangular matrix {01 ;\L } SO
2

A —t
xa(t) = det { 10 AQU_ t} =12 — (A + M)t + A Ao,

5) Let V' be the vector space of differentiable functions on the real line. The linear transfor-
mation T : V — V given by T'(y) = y" — e~ 'y’ + 2y is injective.

We can always find a nonzero y so that T'(y) = 0 (in fact T has a 2-dimensional null
space) so T' is not injective.
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Problem 2) Multiple Choice. There is a single correct answer to each of the following
questions. Determine what it is and write the letter in the answer box of the chart. You do
not need to justify your answers. (Each correct answer receives 2 points, incorrect answers
or blank answers receive 0 points.)

Question 1 2 3 4 5

Answer B B C B A

1) Which of the following matrices is similar to {:;1 g] ?

A) {_04 é} B) [(2) _61} ) {(5) _14} D) [é _62} E) none of the preceding.

The matrix’s eigenvalues are 2, —1 so it is similar to any upper triangular matrix with
those diagonal entries.

2) For some basis B of the vector space R?, the vectors u = B} ,V = {(ﬂ have coordinates

[u]g = { 2 } vle = {2} . What is the vector w with coordinates [w]p = {ﬂ :

A) {_1} B) {_11/22] ) [_11/ 2} D) {_11//22} E) not determined by the data.

= oot} 3]t i
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1 -2 -1
3) For which pair of real numbers (a,b) is the matrix |—1 a 1 | rank one?
3 —6 b

A)(-1,-3) B)(2,—-1) C)(2,-3) D)(—2,3) F)none of the preceding.

Need each row to be a scale of the first.

4) What is the sum of the dimensions of the null space and column space of the matrix

1 2 3 4 5
6 7 8 9 10f,
11 12 13 14 15
16 17 18 19 20

A=

A)4 B)5 C)6 D)7 E)8

Dimension of domain = rank 4+ dimension of null space.

5) For which triples of real numbers (a, b, ¢) does the linear system

by —a 0 =1 (2
bg = 1 b C T
bg 2 0 1 XT3
b
have a solution for any |bs|?
bs

A)(0,1,2) B)(2,1,0) C)(2,2,1) D) (1,0,2) FE) none of the preceding.

The matrix’s determinant is b(2 —a) so is nonzero and hence invertible when a # 2,0 # 0.
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Problem 3) 1) (5 points) Find the orthogonal projection of the vector b to the subspace of
R* spanned by u, v where

1 1 0
—1 0 1
b=lo|> "= |1l V7|
1 0 1
1
Use Gram-Schmidt to find orthogonal basis consisting of u = _01 and
0
0 1 1
ey vw il 20| _|1
w2 | T
1 0 1
Then the orthogonal projection is
1 1 3/4
(b,u)u+ b,w}w_l 0 +1 1| | 1/4
Y T 1 T Ty
0 1 1/4
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2) (5 points) Find a least-squares approximate solution to the equation Ax = b where

1 0 1
0 1 -1
A= -1 2’ b= 0
0 1 1

Using the first part of the problem, we must solve

3/4 1 0
141 o 1| [z
—1/4] ~ |-1 2 M
1/4 0 1

The first two equations then require z = 3/4, y = 1/4.
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Problem 4) 1) (5 points) Find the general solution of the second order ODE

y' =2y —=3y=0

Auxiliary equation is r? —2r —3 = (r —3)(r + 1) = 0 with roots 3, —1 so general solution

is of the form

Y = clegt + cze_t
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2) (5 points) Find the general solution of the second order ODE

y" — 2y — 3y = 10 cos(t)

Try y = acos(t) + bsin(t).

Then y” —2y' —3y = (—acos(t) —bsin(t)) —2(—asin(t) +bcos(t)) —3(a cos(t) +bsin(t)) =
(—4a — 2b) cos(t) + (2a — 4b) sin(t).

So we must solve the linear system

100 (-4 2| |a
0| |2 —4||b
The second equation implies a = 2b and then the first equation implies a = —2,b = —1.

Using the first part of the problem, the general solution is thus

y = —2cos(t) — sin(t) + c1e* + cpe!
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Problem 5) 1) (5 points) Find a basis of solutions of the equation

v =y 1 v

Characteristic polynomial is x4(t) = t* — 2t — 3 so eigenvalues are —1,3. Corresponding

eigenvectors are
1 1
-1}’ 1

<L)l

Thus basis of solutions is
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2) (5 points) Write down a 3 x 3 matrix A such that the equation y’(t) = Ay(¢) has a basis
of solutions

et 0 0
yilt) =10 |, yot)= ||, ys(t)=]1
0 et -1

-1 0 0

A=1[0 1 1

0 1 1

FEigenvalues are —1, 2,0 with corresponding eigenvectors

1 0 0
of, |1|, |1
0 1 ~1

10
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Problem 6) (10 points) Use separation of variables to find a solution u = u(z,t) of the
equation

Pu  J*u N

- = u

o2 Ox?

satisfying u(z,0) = e* and u(x,t) — 0 as t — oo for all z.

Set u(x,t) = X (x)T'(t).
Then P P
Tu_X@rm 4= X@Te

Thus X (x)T"(t) = X" (x)T(t) + X(x)T'(t) so

T”(t) _ Xl/(x)
()~ X(2)

+1

The left hand side is independent of x and the right hand side is independent of ¢ so they
both must be equal to some constant

T”(t) X//(x)

= CcC=

Thus we have the ODEs
T'#t)—cT(t)=0  X"(z)—(c—1)X(z)=0

with bases of solutions
6(\/E)t7 e~ (Vo) 6(\/C—l)w7 e(=Ve=Dz

The initial condition requires we take ¢ = 2 and the solution e”.

The limit condition then requires we take a solution ae~ (V21

Thus altogether we find ae”e~ (VD! and the initial condition requires we take a = 1 to
conclude y = e%e~ (V21

11
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Problem 7) Consider the Fourier series

?0 an cos(nz) + b, sin(nz))

||M8

for the function |z| on the interval [—7, 7].

1) (5 points) Calculate the coefficients a,, for all n.

1 [ 2 [T
a, = —/ |z| cos(nz) dx = —/ x cos(nzx) dz
77 7 Jo

If n =0, we find
ag = T
If n > 0, using - (z sin(n)) = sin(nx) 4+ nx cos(nz), we integrate by parts to find
2 [T 2 2
—/ z cos(nz) dr = — ([ sin(nz)][g — [ cos(nz)/n]|5) = —= cos(nz)[g
0 nsm

™ nm

If n is even and n > 0, we find

If n is odd, we find

12
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2) (5 points) Calculate the coefficients b, for all n.

b, = 0, for all n, since |z| is even.

13
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Problem 8) The following assertions are FALSE. Provide a counterexample (4 points each)
along with a clear and brief justification no longer than one sentence (1 point each).

1) (5 points) If A is a 2x 2 symmetric matrix with positive integer entries, then any eigenvalue
of A is positive or zero.
1 2
=l

xa(t) = t* — 2t — 3 so eigenvalues are —1, 3.

2) (5 points) Suppose T : R? — R3 is an injective linear transformation. For any given basis
of R3, there is a basis of R? such that the matrix of T" takes the form

10
T =0 1
0 0

Take T" to be the linear transformation

. 0
T( [y} )= |z
)
with respect to the standard bases of R? and RR3.
Then we can not choose an alternative basis of R? so that [T7] takes the desired form since

1
0
0

is not in the image of 7" so can not be in the column span of [T7].

14



